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 A B S T R A C T

Knowledge of the dynamic evolution of thermal stresses in the critical points of nuclear power plants is 
essential for establishing optimized maneuvering control. It must, namely, balance between power accuracy 
at the generator side and material fatigue at the reactor side. To set up the mathematical description of the 
lacking latter side, we aim in the current study to build it in such a form that fits the language of control 
theory and that of dynamical optimum-seeking procedures. Accordingly, the transfer function in the Laplacian 
space is formulated for the subprocess, the input variable of which is the moderator temperature in the upper 
plenum, and the output variable is the thermal stress in the nozzle corner. To achieve this, we set up the 3D 
models of all consecutive subprocesses (fluid dynamics, heat transfer, strength of material), between which 
back-couplings were, in most cases, reasonably neglected. To make the 3D calculations absolutely reliable, we 
used two basically different, independent FEM/FVM environments. From this, the step response function was 
gained, from which, by means of curve fitting, the final dynamical model was achieved.
1. Introduction

The primary challenge associated with electrical energy lies in its 
storage, which remains unresolved in terms of both efficiency and 
scale. As a result, maintaining a constant equilibrium between real-
time consumption and generation is essential. Since influencing the 
demand side is practically infeasible, and the supply side increasingly 
includes elements that are not controllable, the burden of maintaining 
system stability falls entirely on the remaining controllable sources. 
So, the rise of variable renewable energy sources, coupled with a 
reduction in easily dispatchable fossil-fueled plants, necessitates that 
large power-generating units operate in load-following mode (Marusic 
et al., 2016) – despite these units traditionally being designed for 
steady-state operation.

Nuclear power plants (NPPs) are prime examples of such sys-
tems (Raskovic et al., 2022), where safety, economic efficiency, and 
environmental impact are of predominant importance. Because of these 
factors, a critical consideration is whether NPPs can indeed operate 
in the load-following regime. A massive body of operational experi-
ences confirms that they can, that is, NPPs are able to contribute to 
climate action (Szentannai and Fekete, 2025). Germany offers a notable 
case: prior to its political shift in energy strategy, detailed investi-
gations demonstrated that several nuclear units successfully engaged 
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in load-following mode nearly continuously throughout the year, as 
documented in multiple studies (Ludwig et al., 2010; Grunwald and 
Caviezel, 2017).

Optimal designing of the controllers of nuclear power plants re-
quires the control oriented model of the plant (Rabie et al., 2024). In 
the case of its application in the maneuvering regime (Abdulraheem 
and Korolev, 2021), dynamic modeling of the determining limiting and 
adverse effect is also essentially needed (Hu et al., 2024; Salman and 
Gomaa, 2025). A summary of such effects is listed in IAEA (2018), 
among which thermal load and fatigue appear to be by far the most 
important ones. Although fuel rods may also be affected in this way, in 
the current study, we focus on the primary area, the nozzle corner (Liu 
et al., 2018; Cheng et al., 2023). This is because the reactor pressure 
vessel is practically not replaceable (Liu et al., 2018), hence its service 
life time directly determines the technically permissible service life of 
the entire nuclear power unit (Kondryakov and Kharchenko, 2024). 
Further, its big size, complex geometry, and thickness claim special 
attention (Rabazzi et al., 2024), and here, the most vulnerable place 
is the nozzle ring (Li et al., 2020b). Although the geometry of such 
junctions is rather complex (Wang et al., 2023), an analytical descrip-
tion of the thermal stresses at the critical points is possible (Dzierwa 
et al., 2014; Oh et al., 2022), provided that the edge along the hole is 
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 Nomenclature
 Abbreviations
 FEM finite element method  
 FVM finite volume method  
 PWR pressurized water reactor  
 RPV reactor pressure vessel  
 Symbols  
 𝑐 specific heat capacity (J∕kg∕K)  
 𝐺(𝑠) transfer function  
 ℎ heat transfer coefficient (W∕m2∕K)  
 𝑝 pressure (Pa)  
 𝑞̇ heat flow rate (W∕m2)  
 𝑠 argument in the Laplace domain (1∕s)  
 𝑡 time (s)  
 𝑇 temperature (K)  
 T Laplace transform of the temperature  
 𝑢 velocity (m∕s)  
 Greek letters  
 𝜅 thermal conductivity (W∕m∕K)  
 𝜌 density (kg∕m3)  
 𝜎 thermal stress (MPa)  
 𝚺 Laplace transform of the thermal stress  
 𝜏 shear stress (MPa)  
 Subscripts  
 ext external  
 l liquid phase  
 s solid phase  

sharp. Unfortunately, this is not the case in the region investigated in 
the current study, as pointed out by Trampus (2024).

For modeling fluid dynamics, a widely used methodology is avail-
able, which is applied for very diverse purposes; thus, its use for the 
area investigated by us is not unprecedented. Such a study by Sharabi 
et al. (2016) published results obtained with a commercial FVM tool. 
In their work, two well-known turbulence models (𝑘-𝜖 and 𝑘-𝜔) were 
investigated, and no significant differences were found between their 
results. Similar investigations were conducted for several, but funda-
mentally comparable reactor pressure vessel geometries by Ayhan and 
Ergün (2013).

Both of the above-mentioned studies also included 3D calcula-
tions of heat transfer between the liquid and the wall in the critical 
region as a direct consequence of the fluid dynamical results. Further-
more, Sharabi et al. (2016) extended their modeling to thermome-
chanical processes within the solid wall, however, most studies start 
only from this point. This latter approach characterizes the majority of 
analyses, in which both fluid dynamics and the fluid–wall interaction 
are significantly simplified by applying boundary conditions prescribed 
by temperatures or heat transfer coefficients.

International literature is dominated by studies of this type since 
such simplifications omit a computationally very demanding step, and 
are assumed not to significantly reduce the accuracy of the results. 
A good example of this approach is provided by Chaudhry et al. 
(2014), who performed structural integrity calculations for a specific 
nuclear power plant. Similar methodologies – mainly for the purpose 
of describing crack propagation in the critical part of the reactor vessel, 
with particular attention to load-following – have also been applied 
by several authors (Liu et al., 2020; Li et al., 2020b; Jin et al., 2021; 
Mohanty et al., 2016).

While describing the behavior of the solid body of the reactor pres-
sure vessel, more precisely, its nozzle corner, the target of the actual 
investigation must be kept in mind. Namely, in the case of any control 
actions, the resulting loads can by no means approach the elastic limit
of the actual material (Liu et al., 2018). Similarly, the phenomenon 
2 
of creep should also be excluded from using the discipline strength of 
materials (Lemaître and Chaboche, 2005). Further, because of the same 
reason, the actual stress intensity factor – as defined by the discipline
fracture mechanics – cannot reach its critical value (Liu et al., 2021), 
above which catastrophic crack extension (fracture) occurs (Miedlar 
et al., 2002; Naweed et al., 2023). Similarly, the mathematical descrip-
tion of slow crack growth must also be excluded from the scope of the 
current investigations (Santucci et al., 2007).

The phenomenon to consider is called material aging. About this, two 
basic directions of the theory are known, summarized by Rodriguez-
Reyes et al. (2024) and Ray et al. (1994). Both theories rely on the 
time function of the stress, which is caused by temperature changes. 
Exactly this is what happens throughout load variations of the plant, 
caused by maneuvering control actions.

As visible, determining the thermal stress as a function of time is a 
key objective. Since it is caused by temperature changes, a simple and 
computationally efficient approach is to assume it is proportional to 
the rate of temperature change (d𝑇 ∕d𝑡). This rather simple approach is 
widely applied in recent and earlier studies (Rusin et al., 2021; Belkhir 
et al., 2015), in standards (EN12952-3, 2021), as reviewed in detail 
by Szentannai and Fekete (2022).

Giving a directly usable support to the apparently high research 
activities on nuclear power plant control was one specific aim of the 
current research. This observable trend results, namely, in a high 
number of high impact advanced solutions, especially for PWRs in load-
following mode. Many of these reports propose a more sophisticated 
use of the classical PID controller (Zhou and Tan, 2023; Sun et al., 
2021; Abdulraheem and Korolev, 2021; Mousakazemi, 2021; Zeng 
et al., 2021; Vajpayee et al., 2020). Furthermore, regardless of this, 
they either apply deterministic theoretical control methods (Sun et al., 
2021; Vajpayee et al., 2021; Abdulraheem and Korolev, 2021; Vajpayee 
et al., 2020), or some outcomes of the intelligence research (Park et al., 
2022; Mousakazemi, 2021; Zeng et al., 2021; Elsisi and Abdelfattah, 
2020). By using the results of the current report, all these research 
activities will also be able to involve in their methodologies another 
essential time-dependent output variable: the thermal stress in the most 
critical point of the reactor pressure vessel. This is the explicit goal 
of this paper, which offers a significant improvement against the use 
of static stress models by means of the proposed dynamical stress 
model. Its importance is also underlined by the increasingly compelling 
load-following operation of nuclear power plants.

In this study, we set up the instationary model of the stress in the 
nozzle corner – in the most critical area of a reactor pressure vessel – as 
a function of moderator temperature, formulated in such a form that fits 
the language of control theory. Although suitable dynamical models are 
available to support model-based load-following control of pressurized 
water nuclear power units, there is still a lack of models that capture the 
resulting thermal stresses in the critical points. Consequently, the math-
ematical representation of one side of the two conflicting requirements 
associated with load changes is missing, which prevents truly optimal 
maneuvering. To address this gap, we first set up the 3D model of all 
phenomena needed for calculating the stress field caused by varying 
the moderator temperature during a load-changing transient. We then 
perform dynamical system identification to derive a final representation 
of this subsystem in the form of a transfer function, which is well 
suited to instationary modeling and hence dynamical optimization. 
The proposed procedure is demonstrated for a typical nozzle layout, 
and to ensure the reliability of the 3D calculations, we employed two 
fundamentally different, independent FEM/FVM environments.

2. Modeled area and modeling tools

2.1. Nozzle corner

Optimal controller design of nuclear power plants in the maneu-
vering regime also requires adequate dynamical modeling of the most 
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Table 1
Material properties of the reactor pressure vessel (RPV) 
and the nozzles.
 Yield strength (MPa) 450–490  
 Young’s modulus (GPa) ∼ 210  
 Poisson’s ratio (–) ∼ 0.3  
 Density (g∕cm3) ∼ 7.85  
 Coefficient of thermal expansion (1∕K) ∼ 12 ⋅ 10−6 

Fig. 1. CAD model of the nozzle corner. (In the specific application case of 
the procedure, the reactor pressure vessel’s internal diameter is 4000mm, the 
nozzle’s internal diameter is 850mm, and all further geometric and material 
data are as per Trampus (2024).).

relevant adverse effect, thermal stresses in the reactor pressure vessel. 
In this practically non-replaceable component of big size and complex 
geometry, the most vulnerable place is the nozzle ring (Li et al., 
2020a), especially the nozzles at the hot water outlet. This is because 
higher stresses occur in the wall of the nozzle ring under load than in 
geometrically undisturbed parts of the reactor pressure vessel. This ring 
is sufficiently far from the core ring (which surrounds the reactor core), 
so neutron irradiation is negligible. Therefore, embrittlement processes 
do not occur here, and material properties can be considered constant 
during normal operation (Trampus, 2024).

The more specific area investigated in this study is the nozzle corner 
of one selected power plant type, the details of which, together with the 
necessary geometric data, were reported by Trampus (2024). According 
to that paper, the RPV and its nozzles are made of 15Cr2NiMoVA, 
a low-alloy, high-strength steel, which is commonly used in pressure 
vessel applications. Its specific material properties are summarized in 
Table  1. The solid modeling of this part was performed by creating 
the 3D geometry, the result of which is shown in Fig.  1. The direct 
application of the current method was done explicitly for this case, 
characterized by the above geometric and material data. Investigating 
the effects of changes in any of them is out of the current scope. In 
the present study, the cladding is not taken into account because its 
thickness is far below 10% of the wall thickness of the reactor pressure 
vessel, and in this case, the influence of the cladding on the load 
behavior is negligible (Jeong et al., 2022).

2.2. Numerical environments

We applied in parallel two different, widely used tools in numer-
ical modeling, OpenFOAM and MSC-Marc, the basic characteristics 
of which are summarized as follows (Greenshields and Weller, 2022; 
Ochsner and Ochsner, 2018).

OpenFOAM is an open-source, highly flexible simulation platform 
originally designed for Computational Fluid Dynamics (CFD), but ex-
tended to support structural mechanics, heat transfer, and multi-physics 
problems as well. MSC-Marc is a commercial software for handling 
problems such as structural analysis, stress–strain calculations, and 
thermomechanical coupling. Their differences become evident when 
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comparing solver capabilities, computational performance, and usabil-
ity.

OpenFOAM provides over 80 built-in solvers and supports user-
defined modifications. It is widely used for large-scale CFD problems, 
such as turbulence modeling and heat transfer, with benchmarks show-
ing scalability up to 100,000 processor cores. Accordingly, it outper-
forms MSC-Marc in fluid–structure interaction problems requiring high 
mesh resolution and computational fluid dynamics (CFD) integration. 
MSC-Marc, in contrast, focuses on non-linear numerical analysis, and 
its solvers are optimized for industrial applications, achieving solution 
convergence up to 10×faster than general-purpose open-source numer-
ical tools. Both software packages are systematic numerical methods 
for solving partial differential equations (PDEs). However, their basic 
approaches are different, as OpenFOAM is based on the finite volume 
method (FVM), while MSC-Marc applies the finite element method 
(FEM).

Another distinction between the two is usability. OpenFOAM op-
erates primarily through a command-line interface, requiring users to 
write case files and configure solvers manually. In contrast, MSC-Marc 
provides a graphical user interface (GUI) with integrated pre- and 
post-processing, significantly reducing setup time.

OpenFOAM, as a free and open-source tool, has a large community 
with over 20,000 active users and extensive online support. MSC-Marc, 
as commercial software, requires a license at a markedly high price per 
seat.

We used the above two essentially different numerical tools through-
out the current project to eliminate any numerical-based definite errors 
in the computational results. The mesh quality metrics we applied 
throughout our calculations (orthogonality > 0.2, skewness < 0.3) 
are well within the recommended ranges proposed in the literature. In 
addition, the number of cells through the wall thickness significantly 
exceeds the typical minimum of 5–6, and the boundary layer resolution 
is more than twice the common minimum of 3. These facts indicate 
low cell distortion, good numerical stability, and strongly suggest 
that the mesh is adequate and the simulation results are reliable. 
Further, although we also applied other techniques generally known for 
single-platform simulations, including grid independence tests, e.g., we 
believe that the cross-validation via two independent numerical tools 
expels a much broader range of numerical mistakes, hence this is 
definitely a rather robust approach.

2.3. Curve fitting

For getting the generally applicable dynamical description of the 
thermomechanical system in question, fitting a curve to the points 
resulted from the 3D calculations was needed. The related theory of
system identification was summarized in the essential book of Ljung 
(1998), and throughout our calculations, we applied a software package 
developed and introduced – jointly with others – by Ljung (2024). This 
is an extension to the basic package of the commercial, matrix-based 
language and software environment Matlab, which we also used for 
many other purposes throughout the current work, including several 
calculations, analyses, and visualization of 2D results. We chose this 
environment because, on the one hand, Matlab is a well-known and 
extensively applied tool in the worldwide scientific community, and, on 
the other hand, its decisive algorithms are written by the highest-level 
professionals in the subject areas.

The System Identification Toolbox is capable of creating linear and 
nonlinear dynamic system models from several types of series of dis-
crete data pairs. Among its offered possibilities, we applied the tfest 
function as this is the one that estimates the best fitting continuous-
time transfer function based on the time function achieved from the 
preceding 3D calculations.

Prerequisites for using this code are to have chosen some properties 
of the model, such as its being linear, together with the degree of both 
the nominator and denominator of the transfer function to be estimated 
in the frequency-domain. We applied graphical comparisons between 
the original and the estimated system responses to judge the goodness 
of the identification, including also the above-mentioned decisions.
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3. Steps of dynamical modeling

The input variable of the process to be modeled in this study is 
the moderator’s instationary temperature in the upper plenum of the 
reactor pressure vessel. On the other hand, the output of the current 
model should be the von Mises thermal stress in the nozzle corner, also 
as function of time.

From this declaration comes the series of submodels to be elabo-
rated in the upcoming subsections: (i) fluid dynamics, (ii) convective 
heat transfer between fluid and solid, (iii) thermal conduction within 
the solid body, and (iv) strength of materials calculation for gaining the 
field of thermal stresses within the investigated solid. As visible, the 
calculation method involves several submodels, that is, it is composed 
of multiple physical fields, the descriptions of which must be coupled. 
Regarding this, the most complicated case is the heat transfer between 
two phases, the liquid fluid and the solid wall. For handling it, the 
applied FEM/FVM tools are well prepared by means of applying the 
so called nearest neighbor search. It simply means that at the closest 
elements of connecting surfaces, the temperatures are assured to be the 
same. In the current study, the physical meaning of all other couplings 
can be considered as purely straightforward effects, that is, here, all 
feedback effects can be neglected. This is why the current modeling 
process can be carried out simply stepwise.

In order to make the above outlined modeling procedure usable 
for dynamical modeling and optimum seeking, the results must be 
translated into the language of the appropriate disciplines. For this, 
we applied a step-like function on the input of the above described 
subprocess, and so the resulting output is the so-called step response 
function, which is a standard representation of any processes in control 
theory. From this, an easy-to-use description, the dynamical transfer 
function can be gained by curve fitting.

The topic of the rest of this section is a detailed description of the 
above-mentioned steps, together with their results in the specifically 
investigated real case.

3.1. Fluid dynamics

Modeling the fluid flow in the investigated region is based on the 
Navier–Stokes Eq. (1), supplemented by the continuity (2), applied for 
incompressible fluids: 

𝜌l
( 𝜕𝒖
𝜕𝑡

+ (𝒖 ⋅ ∇) 𝒖
)

= −∇𝒑 + ∇ ⋅ 𝝉 + 𝐹 ext (1)

∇ ⋅
(

𝜌l𝒖
)

= 0 (2)

where 𝒖 is the local fluid velocity vector, 𝜌 is density, 𝒑 is pressure, 𝝉 is 
the local shear stress tensor, and 𝐹 ext summarizes the external forces.

For Newtonian fluids, the stress tensor 𝝉 can be expressed as: 

𝝉 = 𝜇
(

∇𝒖 + (∇𝒖)′
)

+ 𝜆(∇ ⋅ 𝒖)1 (3)

where 𝜇 and 𝜆 are dynamic and volume viscosity, respectively.
Due to the high flow velocity and geometric variations, the flow is 

clearly turbulent. Turbulence is modeled using the Reynolds-Averaged 
Navier–Stokes (RANS) approach, in which any flow variable 𝜓 is 
decomposed into a mean and a fluctuating component: 
𝜓 = 𝜓̄ + 𝜓∗ (4)

Applying this decomposition introduces the Reynolds stress tensor 
𝑅𝑖𝑗 , accounting for the effect of velocity fluctuations: 

𝑅𝑖𝑗 = −𝜇T
(

∇𝒖 + (∇𝒖)′
)

+ 2
3
𝜌l𝑘 (5)

where 𝜇T is the turbulent (or eddy) viscosity, and 𝑘 is the turbulent 
kinetic energy associated with the fluctuating velocity components.

To close the model, two-equation turbulence models are commonly 
used, such as the 𝑘–𝜖 and 𝑘–𝜔 models. These solve transport equations 
4 
Fig. 2. Velocity field around the nozzle corner 100 s after the initial excitation, 
as an example of the results of the fluid dynamical investigations.

for 𝑘 and either its dissipation rate 𝜖, or its specific dissipation rate 𝜔. 
The 𝑘–𝜔 SST (Shear Stress Transport) model combines the strengths of 
both approaches, using 𝑘–𝜔 near walls and transitioning to 𝑘–𝜖 in the 
free stream.

The turbulent viscosity is then determined from: 

𝜇T = 𝜌l𝐶𝜇
𝑘2

𝜖
(6)

These models are implemented in standard CFD tools such as Open-
FOAM, which includes the necessary equations and empirically derived 
constants.

One example at a selected time instance of the results is depicted 
in Fig.  2. Based on this, the heat transfer coefficients can already be 
calculated as well. As visible, next to the wall, the liquid velocity is 
rather low, and the flow becomes heavily turbulent. Accordingly, the 
calculated heat transfer coefficient values are significantly higher in the 
turbulent region.

3.2. Convective heat transfer

The fluid dynamical matters determine the actual conditions of heat 
transfer between fluids and solids. To describe this latter phenomenon, 
firstly, the energy equation for the liquid side must be formulated, as 
follows: 

𝜌l𝑐l
𝜕𝑇 l
𝜕𝑡

+ 𝜌l𝑐l (𝒖 ⋅ ∇) 𝑇 l − ∇ ⋅
(

𝜅l∇𝑇 l
)

= 𝑞̇l-s (7)

The first term on its left-hand side describes the effect caused by 
the change of the liquid temperature 𝑇 l, the second one, the convective 
heat transfer caused by the liquid velocity 𝒖, and the third one the heat 
transfer characterized by the liquid’s thermal conductivity 𝜅l. On the 
right-hand side, 𝑞̇l-s is the heat transfer rate.

The energy equation for the solid phase is rather similar, with the 
sole difference that there is no flow on this side, hence, the convective 
term falls out. Thus, it can be written as 

𝜌s𝑐s
𝜕𝑇 s
𝜕𝑡

− ∇ ⋅
(

𝜅s∇𝑇 s
)

= −𝑞̇l-s (8)

The two above equations must be solved by the numerical tool 
capable of calculating the coupled phenomena of liquid-side and solid-
side behaviors, together with heat transfer in between. This is the case 
with OpenFOAM, however – as introduced in Section 2.2 – MSC-Marc 
is specialized for structural analysis of solids, together with their stress–
strain calculations. In order to make the calculations solvable also by 
this code, we supplied it by the heat flow rates along the solid’s surface, 
as follows.

From the calculated data of the developed velocity profile, we 
calculated the local heat transfer coefficients analytically. For this, the 
Nusselt number is needed as the first step, and for fully developed 
turbulent flow – as in the actual case –, it is fundamentally determined 
by the Dittus-Boelter correlation as follows (Winterton, 1998): 
𝑁𝑢 = 0.023𝑅𝑒0.8𝑃𝑟𝑛 (9)
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Fig. 3. Temperature profile in the investigated solid body by two basically different calculation schemes. In the case of first-type boundary condition (left), the 
internal surface is evidently homogeneous already at the beginning of the time evolution. In the case of third-type boundary condition (right), the heat transfer 
coefficient was set by the inhomogeneous flow pattern (Fig.  2), however, after a very short time (after 51 s), it also became rather homogeneous, as visible.
Table 2
Heat transfer coefficient values calculated and applied as third-type boundary 
condition for the FEM code.
 Flow velocity (m∕s) 3 4 5 6 7 8
 Convective heat transfer 
coefficient (W∕m2∕K)

7869 13 503 16 142 18 677 21 128 23 510

where 𝑛 = 0.4 if the liquid is colder than the solid, and 𝑛 = 0.3 in the 
opposite case.

Based on this, the effective (macroscopic) convective heat transfer 
coefficient can already be calculated: 

ℎ =
𝑁𝑢 ⋅ 𝜅l
𝐷h

(10)

by the liquid’s thermal conductivity, 𝜅l, and the hydraulic diameter of 
the nozzle, 𝐷h.

According to the results shown in Section 3.1 (Fig.  2), the flow 
accelerates from approximately 3m∕s to 8m∕s. Within this interval, 
some values of the convective heat transfer coefficients, calculated 
according to the analytical method, are shown in Table  2. It is to be 
mentioned that for 3m∕s, the characteristic size (𝐷h) is the internal 
diameter of the pressure vessel, while for higher velocities, it is that 
of the nozzle. Based on the values indicated in Table  2, the third-type 
boundary condition has been set for the nozzle model in such a way 
that the nozzle region has been divided into sections according to the 
acceleration of the flow, and in each region, the calculated convective 
heat transfer coefficient has been applied.

3.3. Thermal conduction

Although the critical procedure regarding thermal stresses is the 
uneven temperature distribution within the solid body, its description is 
less complicated than the previously discussed ones. Here, namely, the 
same energy equation can be used as for the convective heat transfer, 
as shown in (8), but with zero heat source (𝑞̇l-s) on the right-hand side. 
We numerically solved this equation for the entire space of the nozzle 
corner, the results of which are graphically shown for two slightly 
differing outcomes in Fig.  3.

Note that the start-up of the two above calculations were two basi-
cally different schemes, the availabilities of which were outlined while 
describing the convective heat transfer phenomenon in Section 3.2. 
Accordingly, we carried out the current calculation for both first-type 
(Dirichlet) and third-type (Robin) boundary conditions. Based on the 
resulting Fig.  3, it can be seen that the differences caused by the two 
different methods are negligible. This is because for very high heat 
transfer coefficients, on the order of 10 000W∕m2∕K in our case, the 
third-type boundary condition closely approaches the first-type one. In 
all similar practical cases, it is advisable to apply the simpler, hence 
5 
numerically cheaper first-type boundary condition. However, we went 
on to calculate the induced thermal stresses along both approaches, 
the details of which step (in both cases) are summarized in the next 
subsection.

3.4. Strength of materials

The actual material behavior can be considered as isotropic and 
linear-thermoelastic. For this case, the basic equation of strength of 
materials was formulated by Eslami et al. (2015) as follows: 

𝝈 = 𝐸
1 + 𝜈

[

𝜺 + 𝜈
1 − 2𝜈

𝜀I𝑰
]

− 𝐸
1 − 2𝜈

𝛼
(

𝑇 − 𝑇 ref
)

𝑰 (11)

where 𝝈 represents the stress tensor to be determined, 𝐸 is the modulus 
of elasticity (Young’s modulus), 𝛼 is the thermal expansion coefficient, 𝜈
is the Poisson’s ratio, 𝜺 is the strain tensor, 𝜀I is its first scalar invariant 
(the sum of elements on its main diagonal), 𝑇  is the actual temperature, 
and 𝑇 ref is its reference value, while 𝑰 denotes the unit tensor (the 
identity matrix).

By solving the characteristic equation of the resulted 𝝈 matrix, the 
three principal stresses can be determined. They are denoted as 𝜎1, 𝜎2, 
and 𝜎3, as they are arranged in descending order of their magnitudes. 
From them, the von Mises stress can be calculated as follows: 

𝜎VM =
√

1
2

[

(

𝜎1 − 𝜎2
)2 +

(

𝜎1 − 𝜎3
)2 +

(

𝜎2 − 𝜎3
)2
]

(12)

which is a scalar quantity representing well the resulted stress at any 
specific points of the investigated solid body. The results of this 3D 
calculation are shown in Fig.  4. This picture clearly shows the critical 
locations in the structure with the highest stress values, which is in 
perfect conformance to the preceding statements (see, e.g., Dzierwa, 
2016; Li et al., 2020a). The innermost points in the red zones are 
located at the transitional surface, and as they appear symmetrically 
on both the top and downsides, it is sufficient to consider only one of 
them throughout the upcoming calculations.

3.5. Step response function

The stress values in the critical points are investigated further, as a 
function of time. We set a (theoretically applied) stepwise change in the 
water temperature to the input of the entire series of the above outlined 
finite element calculations. Consequently, the resulting time function 
of the stress in the critical point is nothing else but the so called step 
response function (𝑣 (𝑡)). This function is the one that completely char-
acterizes any autonomous (time-invariant) dynamical systems (Burns, 
2001; Ljung and Glad, 1994). Hence, the actual dynamical system 
identification, based on this time function, is the only duty to be done, 
as will be shown in the next subsection.

Because the results of the 3D numerical calculations were obtained 
in discrete time steps only, the points of the step response function are 
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Fig. 4. Thermal stress field (von Mises stress values) within the solid body 
around the nozzle corner in the course of increasing the unit load. (Specifically 
this figure: 300 s after the stepwise excitation.).

Table 3
Characteristics of the peak thermal stress (von Mises stress) values gained by 
two different calculation schemes.
 Time of the peak 

amplitude (s)
Value of the peak 
amplitude (MPa)

 First-type boundary condition 252 23.31  
 Third-type boundary condition 279 22.77  

also available only in discrete time steps, as shown by the discrete 
points with markers in Fig.  5.

Note that we determined the discrete time series of the step response 
function along two different calculation methods, as described in Sec-
tion 3.3. We compared the main characteristics of them, and we found 
that the differences between them are very small (Table  3). Although 
throughout our actual calculations we relied on the more realistic case 
(on applying the third-type condition), we can declare that for practical 
calculations, the other one (the first-type boundary condition) is fairly 
appropriate.

3.6. Dynamical system identification

The dynamical system in question is the one defined by the mod-
erator temperature in the upper plenum as the input variable, and the 
von Mises thermal stress in the critical point of the nozzle corner as 
the output variable. One complete representation of any autonomous 
dynamical system is its step response function, but another one, an 
easier-to-use but still complete representation is the so called transfer 
function.

Dynamical identification, in this case, is to find the transfer function, 
the corresponding step response function of which best fits the numeri-
cally achieved discrete points. This is an optimum seeking problem, for 
which well-elaborated numerical tools are available. As a result of our 
specific and well-defined case, we got it as follows: 

𝐺 (𝑠) =
𝚺(𝑠)
𝐓(𝑠)

= − 1.63 ⋅ 106 ⋅ 𝑠2 + 2.41 ⋅ 104 ⋅ 𝑠
𝑠2 + 9.28 ⋅ 10−3 ⋅ 𝑠 + 4.14 ⋅ 10−6

(13)

where 𝑠 is the independent variable of the Laplace transform, 𝚺(𝑠) is 
the Laplace transform of the thermal stress (𝜎(𝑡)) in the critical point 
of the nozzle corner in MPa, and 𝐓(𝑠) is the Laplace transform of the 
moderator temperature change (𝑇 (𝑡)) in the upper plenum in K.

To evaluate the goodness of this dynamical system identification, 
we depicted the results of the entire 3D dynamical modeling proce-
dure, together with the numerically fitted system in Fig.  5. As visible, 
the achieved and proposed (13) analytical transfer function can be 
considered as a well-fitting approximation of the dynamical system 
investigated and described in detail. As the proposed (13) transfer 
function is that of a linear system, and this statement also means that 
6 
Fig. 5. Step response function fitted to the outcomes of the 3D calculations.

Fig. 6. The transfer function’s prediction with a more realistic input scenario: 
the process input (the moderator temperature) changes along a linear ramp 
between 0 s and 2000 s.

the system in question can be well considered as a linear one. Further, 
this figure shows, in the same coordinate system, the results of both 
fundamentally differing modeling environments, the FVM-based open-
source OpenFOAM, and the FEM-based commercial MSC-Marc. The 
results summarized in this diagram show a fair agreement not only 
with each other (for the same specific case), but also with several other 
results (reported for similar cases) by Durmaz (1980), Dzierwa (2016).

Note that the step response function, which is depicted in Fig.  5, is a 
fully descriptive, but rather theoretical representation of any dynamical 
system. Its input changes, namely, strictly step-like, which cannot 
happen in real cases. So, to demonstrate the behavior of the identified 
subprocess under more realistic conditions, we applied a ramp-like 
change to its input, the moderator temperature in the upper chamber 
of the RPV. The resulting output is shown in Fig.  6.

4. Final results and discussion

For balancing between maneuvering velocity and thermal stress at 
the most critical points, dynamical modeling of both sides is evidently 
needed. As dynamical models of the load control process of PWRs are 
generally available, a joining instationary model of the stress in the 
nozzle corner is necessary. This is what we developed generally and 
applied specifically to a relevant case.

The consecutive steps of the proposed methodology were described 
in the current paper, an outline and discussion of which are summa-
rized in the subsequent paragraphs. It is to note that this procedure 
can be carried out for any layouts and material properties that can 
be numerically modeled. Because practically all nozzle designs fall 
definitely into this category, there is no limitation in the applicability.

First of all, each of the following steps must be considered as 
instationary calculations, hence, their outputs must be considered as 
time functions as consequences of time-dependent changes in their 
inputs.

Fluid dynamical description (i) of the moderator flow around the 
critical point (the nozzle corner) is needed to get a picture about the 
characteristics of the evolved flow pattern. We saw that besides a 
heavy increase in the flow velocity, the flow characteristics around the 
investigated surface are mostly turbulent.

Based on these results, in the next step, the convective heat transfer 
(ii) between liquid and solid must be described. To strengthen the 
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3D OpenFOAM results, we also applied the best available theoretical 
feed-forward calculation form.

The major reason for the evolution of the investigated thermal stress 
field within the solid body is its limited thermal conduction (iii) capa-
bility. We carried out this 3D calculation with both OpenFOAM and 
MSC-Marc. Here, besides applying the third-type boundary condition, 
we also did the MSC-Marc calculation based on the numerically cheaper 
first-type boundary condition. As a partial discussion, it was found that 
the applications of the two boundary conditions resulted in practically 
the same temperature fields.

The next step is to calculate the resulting 3D thermal stress field by 
using the theory of strength of materials (iv). The static stress fields 
achieved from both OpenFOAM and MSC-Marc were fully credible. 
Further, the resulted functions of time also confirmed that the selection 
between the two different boundary conditions in the previous step has 
only negligible effect in relation to the final outcome.

This observation indicates that in most practical applications of the 
proposed methodology, the accurate description of the first two steps, 
fluid dynamics and convective heat transfer, has a minor effect on the 
accuracy of the achieved dynamical model, hence, the focus should be 
on the remaining ones.

In the last step of the modeling procedure, the achieved time func-
tion should be turned into a description that fits well to the language 
of dynamical modeling and optimum control. For this, we selected the 
dynamical transfer function, which gives the needed relationship as 
function of the independent variable of the Laplace transform. This step 
is called dynamical system identification (v), which is practically an 
optimum seeking procedure for curve fitting. The best fitting result, 
that is, the final result of this study in our practically relevant case, 
is a rational fraction function (13) with two roots in both the nom-
inator and the denominator. Visual comparison of the step response 
functions proves that this twice second-order linear description of the 
investigated subprocess is perfectly appropriate.

The main contribution of the present study is a method and its 
specific application to set up the dynamical model of the stress in the 
nozzle corner as a function of the moderator temperature, formulated 
in a way consistent with the terminology of control theory. Based on 
this, the lacking component for optimal maneuvering control became 
available, and, for this purpose, it can be considered as an extension to 
the available dynamical model of the power unit. The resulting transfer 
function is (13), and it is to mention that substituting it by the widely 
applied simple derivation of the temperature (𝐺(𝑠) = 𝑠) proves to be a 
very rough estimation.

Future work should target a similar dynamical thermomechanical 
description of the fuel rods, which seem to be the next important 
places of the limiting effects of maneuvering control of nuclear power 
plants (IAEA, 2018).
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